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SYNOPS19 

This paper supplements a former one with corrections 
and additional matter. A few changes are made in the 
Fritz epochs of “probable maxima” of sun spots, dating 
from 300 A.D., and it is shown that the frequency dis- 
tribution of the 11-year sun-spot intervals derived from 
the ancient epochs has about the same mean, skewness, 
and dispersion as that of the Wolfer intervals from 1610. 
For the whole period of 1,600 years the most frequent 
interval or mode is computed to be 10.94 years while the 
normal length of the period computed by a least-square 
method is 11.067 years. The mean deviation from 11.0 
years is f 1.69 years. 

By appropriate statistical processes and criteria, the 
sequence of the 11-year intervals is shown to be syste- 
matic rather than fortuitous. While the most frequent 
interval between peaks or hollows in a random sequence 
is the two-interval, there is a marked tendency for 
maxima or minima in t,he solar curve to recur about 
every third interval. In  other words the most frequent 
interval of recurrence is about 36 years. 

The epochs of maximum and minimum length of the 
11-year period, derived from the curve of 11-year inter- 
vals, yield by the least-square computation a normal 
length of 37.5 years for the long period, with an ampli- 
tude of 2.4 years. On eliminating the 37-year period by 
an appropriate smoothing of the 11-year intervals, a still 
longer period is disclosed with a normal length of about 
83 years and an amplitude of 1.5 years. Further smooth- 
ing discloses a 300-year period with an amplitude of 0.5 
year. The 300-year period undergoes a long secular 
variation in length, roughly estimated a t  1,400 years. 

Both the 37-year and the 83-year periods undergo a 
300-year variation in length, comparable with that of the 
11-year period, the maximum lengths being about twice 
the minimum lengths. 

These three periods exist also in the relative numbers 
and the ratios, a:b,  that is, time of increase to time of 
decrease of sun spots from minimum to minimum, the 
numbers varying mversely and the ratios directly with 
the length of the 11-year period. 

These periods are apparent not only in auroral data but 
in various other terrestrial data-frequency of severe 
winters, frequency of Chinese earthquakes, flood and low 
sta es of the Nile, tree growth in Arizona and California, 

The epochs of maxima of the three periods lag some- 
what behind the epochs of maximum solar activity, and 
the amount of the lag is proportional to the length of the 
period. The lags of the 37-year and 83-year epochs 

an f wheat prices in England. 
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exhibit a 300-year period, also a long secular variation- 
the lag after 1,000 A.D. being about two thirds that 
previously. 

INTRODUCTION 

In a former paper (1) I discussed the so-called ‘‘Briiiick- 
ner meteorological cycle” of 35 years and showed that a 
similar variation could also be traced in certain solar 
dat.a. This indicated that the Briickner climatic cycle 
probably is of solar origin. A 300-year period was also 
shown to exist in the data. The present paper supple- 
ments the one just mentioned, corrects an error in the 
ancient epochs, gives additional evidence for the 35-year 
and 300-year periods and new evidence for the existence 
of two periods of around 83 years and 1,400 years in both 
solar and terrestrial data. I t  deals mainly with new 
results and the reader should refer to the former paper in 
order to have a clear comprehension of some of the details. 
Others of my papers contain material which will be 
referred to either as results previously obtained or as 
discussions of methods employed in the present paper. 

As to the truth of the conclusions offered, i t  may be 
stated that, while the individual steps leading to the h a 1  
results have varying degrees of validity due to the in- 
herent inesactness of the data, by the smoothing processes 
and graphical methods employed inaccuracies can largely 
be detected and eliminated. The validity of the whole 
body of evidence rests upon the mutual consistency of its 
separate elements. 

THE 11-YEAR SUN-SPOT PERIOD 

The unbroken continuity of the 11-year sun-spot period 
is a fundamental concept in this investigation. If i t  can 
be shown that this period has existed continuously, 
although with variations in length, for an indefinite dura- 
tion, the reasonable inference is that other solar periods 
may be equally continuous and persistent over long 
intervals. 

My early paper contained a discussion of the ancient 
epochs of sun-spot maxima derived by Fritz from early 
auroral data and the Chinese observations of sunspots. 
His paper was translated and published in the MONTHLY 
WEATHER REVIEW, October 1928 and readers should 
refer to i t  in connection with the following discussion. 

A careful exanhation of Fritz’s tables-1, Sun-spot 
epochs; 2, Auroral epochs; 5, Probable maxima-has led 
me to make a few changes in his epochs of maxima. The 
Fritz, Lovering, and Short catalogs of auroras were 
examined for possible additions or discrepancies. From 
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the Lovering catalog were obtained four additional years 
of auroral displays, near the probable dates of epochs 
missing in the Fritz list, viz, 629, 752, 1039, 1499. 

There are a t  least two cases where the solar data seem 
doubtful. During the years 535-536 the sun had dim- 
inished brilliancy for 14 months, and in 626 the sun was 
partially darkened for 8 months. Fritz regarded 535 as B 
probable masimum, based on 535 as a solar epoch and 
540 from auroral data. I reject the year 535 and regard 
540 as the probable epoch. He regarded 625 as a maxi- 
mum, based on 626 as a solar and 624 as an auroral epoch. 
I reject 626 and advance the date of the epoch to 629, the 
date of an aurora in Lovering’s catalog. The year 657 is 
regarded as a maximum epoch by Fritz, being a mean of 

table 5. In  table 1, 1547 is a sun-spot year, while 1549 
is given as the maximum. Assuming 1547 to  be the cor- 
rect date, the probable maximum in table 5 is more 
likely 1545. 

After 388 only four epochs are based solely on sun- 
spot observations. I have changed n few epochs, giving 
greater weight to two or inore ,zdjncent years with aurora 
than to a single year with sun spots. Such epochs are 
S70, 970, 1204, ancl 1604 instead of 872, 972, 1203, and 
1603. The epoch 360 has been changed to 361 to make 
the interval from the preceding epoch 7 years instead of 6, 
which is an improbably small int’erval. 

The epochs remaining for which no data exist have 
been inserted a t  nearly equidistnnt intervals between the 

FIGURE I.-The 37-year period in various solar and terrestrial data. Epochs of maxims are plotted below and joined to show interrelations and lags. 

two aurora yenrs, 654 and 660. However the year 660 
is not given in either of the two large catalogs and I have 
therefore regarded 654 as the more probable date. 

As a result of these changes, instead of one epoch be- 
tween 512 and 535 nnd one between 538 and 555, I insert 
two between 512 ancl 540 and none between 540 and 555, 
and instead of three epochs between 616 and 657 I assign 
only two epochs between 616 and 654. 

Some discrepancies and errors have been found in 
Fritz’s tables. He omitted a few epochs from table 5 
which seem clearly evident from table 2, namely, 470, 
488, and 879. The epoch 1280 appears in table 5 but 
not in table 2, while 388 appears in table 1 but not in 

epochs derived from observationid data. The finally 
adopted epochs, with the supplied epochs indicated by 
an asterisk, are given in table 1 , together with the Wolfer 
epochs of niasima. The 11-year intervals are given in 
column 2 and are shown plotted in figure 1 on their 
mid-da tes. 

Evidence as to the nccuracy of these epochs is afforded 
by their recurrence in nenrly the same sequence after 
an interval of 1,154 years. This interval is 107(11.066), 
32(37.0), 14(84.5), 4(296). It is therefore a nearly exact 
multiple of three periods, which will be discussed below, 
and is approsinintely n long secular variation. Adding 
this interval to the epochs in table 1,  beginning with 301 
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and ending with 742, there results a series of dates which 
coincide closely with the observed epochs. The mean 
deviation of the computed from the observed epochs is 
f 1.78 years, and 90 percent of the deviations are within 
the limits f 3  years. Now the average deviation from 
11.1 years of the intervals between maxima from 1615 
to 1925 is f1 .61 years and 85 percent are between 8.1 
and 14.1 years. Thus  a prediction of a maximum epoch 
made by adding 1 ,184 y e w s  to the somedab  uncerta:i:n ea:rly 
epochs i s  nearly as  accurate as one .rncr.de by adding i i . 1  
years to the relatively exa.ct epochs since 1616. Such a re- 
sult conjirms in a striking manner the gen.ernl accura.cy of 
the ancien.t epochs and the reality of the mrious so1a.r periods. 

Frequemy distribution of the ii-yea.r intervals.-The 
frequency curve of the 11-year intervals shows a slight 
positive skewness. Omitting the long 17-year interval, 
the 55 Wolfer intervals yield a mean of 11.07, and a mode 
10.94; while for the Fritz revised intervals the mean is 
11.04 and t,he mode 10.94. The mean deviation of the 
Wolfer intervals from 11.1 years is f 1.61 for the maxima. 
For the Fritz intervals, the deviabion from 11.0 is f 1.70. 
The mean variability of t,he Wolfer intervals is f2 .71;  
of the Fritz intervals f 2.46. 

The norma.1 period le.nyth and ,n.ormal epochs.--In a former 
paper (3), I called attention to Newcomb’s (6) method 
of evaluating the normal epochs and normal length of 
period. He derived by a least-square solution the normal 
length of the period from 1610 to 1900 as 11.13 years. 
A variation of his method is represented by the equation 

in which y l ,  y2 . . . . yn are the epochs of niasinia, n the 
number of epochs, and b the nornial length of the period. 

The computation of the normal values from the com- 
bined Fritz and Wolfer epochs is facilitated by averaging 
the epochs in groups of seven, which gives a series of 21 
mean epochs beginning with 332 and ending with 185’2. 
Denoting the differences between the y’s as C’S and the 
coefficients as uYs, t8he work is further shortened by 
employing c-77w instead of c. The formula then 

62 [W(C - 77w)l becomes 7b=77+ n3-n Computing, b = 11.067. 

The normal mid-epoch is 1106.13. The residuals of the 
observed from the normal epochs are given in table 1. 

Methods of statistical analysis and application to solar 
d u t a . 4 n e  of my former papers(2) contained a discussion 
of the statistical criteria for the detection of a systematic 
order of succession in any series of data. Obviously, i f  
the sequence of any, given data is indistinguishable from 
that shown by a series of random numbers, no periodicity 
can be present. It was there shown that the sequence of 
the deviations in the length of the sun-spot period from 
a normal period, instead of being accidental, as Npwcomb 
concluded, is systematic to a marked degree. 

Analysis of the intervals from the combined Fritz and 
Wolfer epochs of maxima, table 1, necessitated the aver- 
aging of three drawings from a bowl of the 147 values to 
determine approximately the normal random distribu- 
tion of the intervals between peaks or hollows. This dis- 
tribution differs from that for an infinite number of ran- 
dom vdues as determined by Besson (7), owing to the small 
number of different values, 11. The average interval for 
the random series (drawings) is 3.18, for the natural data 
3.48; the modal or most frequent interval is about 2.40 
for the random series, but about 3.25 for the natural data. 
The essentially systematic character of the natural data 

is well shown by this statistical analysis. Since the unit 
interval is 11.1 years, the most frequent interval in years 
is 3.25X 11.1, or 36 years. 

Where such persistent deviations from a random se- 
quence occurs, it can only be regarded as due to the 
existence of a definite periodicity of variable length, whose 
average length should theoretically differ little from the 
value of the mode above derived, 36 years. The reade- 
is referred to my papers (4) and ( 5 )  for a discussion of vari- 
able periods and the methods of investigation employed in 
the present paper. 

THE 37-YEAR PERIOD 

It has been shown that in the sequence of the 11-year 
intervals there is a recurrence of estrenie long or short val- 
ues about every 36 years. With this provisional length of 
the period we draw the smooth curve through these mter- 
vals (fig. 1). While the most frequent interval between , 
these extremes is about 36 years it is seen that there are 
quite wide deviations from this value in the actualintervals. 
These deviations are due partly to inaccuracies in the 
data but mostly to a systeniatic variation in the length 
of this interval, which will be discussed below. 

The $7-year epochs.-The epochs derived from the 
smooth curve are given in table 2. There is some un- 
certainty regarding the epochs since 1850. They are 
designated as epochs of the 37-year period. The epochs 
which date the short 11-year intervals are called epochs 
of maxima, and vice versa. The normal length of the 
period derived by the least-square method from 300 to 
1900 is 37.5 years. 

Referring to my 1905 paper (1) it will be noted that the 
37-year epochs given there agree closely with my recent 
determinations except in the sixth century, where, owing 
to the changes made in the Fritz epochs, above noted, 
one maximum epoch and one minimum epoch have been 
omitted. 

Other solar data showing a 37-year period are the rela- 
tive numbers a t  maxima and the ratio alb, (a,  the as- 
cending; b, the descending branch of 11-year curve) 
as shown in chart 1 of my 1905 paper. The relative 
numbers vary iniiersely with the length of the i i -year period 
with a n  acerage lay of 5 years, while the ratios rary directly 
wi th  an average lag of 7 years. 

Amplitude of the 37year  period.-The amplitude of the 
period is derived by averaging the 11-year intervals at 
the epochs of maxima and minima of the period. For the 
period from lGl0 to 1920 the averages are, long 13.8 years, 
short 9.2 years; whence theamplitudeis 2.3 years. Between 
300 and 1600 the 11-year intervals from maxima only are 
available, and obviously the range derived from the 
maxima and niinima of the curve will be less than the 
true range. The averages are, long 13.1 years; short, 8.9; 
whence the amplitude is 2.1 years. 

THE 83-PEAR PERIOD 

. The 83-year variation in the length of the il-yea.r period.- 
I n  order to disclose periods longer than 37 years in the 
series of 11-year intervals, it is necessary to employ an 
appropriate smoothing formula. The 1 1-year intervals 
smoothed by the formula (a + 2b + 2c + d) + 6 are plotted 
in figure 2, curve 1. The epochs of maxima and minima 
of the curve are given in table 3. The normal length of the 
period by the least-square method is 83.1 years and the 
normal mid-epoch is 1132.4. 

Amplitude of the 83-year period.-The amplitude of the 
period can be approximately derived by averaging the 
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maxima and the minima of the curve and applying the 
proper factor to correct for the reduction in the range 
effected by the smoothing formula. The mean amplitude 
after applying this reduction factor is 1.52 years. 

The 83year  variation in the relative numbers and in the 
ratio a/b.-The relative numbers at spot maxima and the 
ratios smoothed by running means of seven terms are 
shown in figure 2. Comparing these curves with curve 1 
the following relations for the 83-year variation in various 
solar data are derived. The relative numbers vary 
inversely with the ength of the l l -year  period with a lag of 
about 10 years, while the mtios vary directly with a lag of 

The amplitude of the $00-year variation.-A smoothing 
of the 11-year intervals by successive summations of 11 
terms furt>her smoothed by summations of 7 terms satis- 
factorily eliminates all periods shorter than 300 years. 
The amplitude of the period can be approximat'ely derived 
by averaging the five maxima and five minima of the 
curve and applying the proper factor to correct for the 
reduction in the range effected by the smoothing. The 
result is 0.48 year, or about one-third that of the 83-year 
period and one fifth that of the 37-year period. 

The JOO-year variation in the residuals.-The residuals 
in table 1, averaged by half-century intervals, are plotted 

FIGURE 2.-The @-year period in various solar and terrestrial data. Epochs of maxima are plotted below and joined to show Interrelations and lags. 

about 15 years. 
37-year period, but the lag is about twice as great. 

These relations are the same as with t,he 

THE 300-YEAR PERIOD 

The $00-year variati0.n in the length of the ll-year 
period.-The averages of the 11-year intervals for each 
half-century are shown plotted in figure 3, and the epochs 
of maxima and minima are given in table 4. The aver- 
age length of the period is about 300 years but varies 
between 225 years around 400 A.D.  and 1650, and 375 
years around 1100 A.D.  This variation in the length of 
the period indicates a still longer secular variation which 
may be roughly estimated as around 1,400 years. 

in figure 3, and the epochs derived from this curve are 
given in table 4. The epochs of maximum minus residu- 
als are called epochs of maxima, while the epochs of 
maximum plus residuals are called epochs of mmima. 

The SOO-year variation in the solar actiwity and in the 
ratio a/b.-As st'ated in my 1905 paper (1) (p. 66), and 
shown in figure 2 herewith, a minimum of solar activity 
prevailed about 1680, associated with a maximum value 
of the ratio a b .  The reverse conditions prevailed around 
1780. Thus with the long period as with the shorter 
periods the solar activity varies inversely with the length of 
the 11-year period. 

The 300-year variation in the length of the S7-year 
period.-The intervals between like phases of the 37- 
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year epochs in table 2 were smoothed by successive 
means of t'hree terms. The resulting values are shown 

FIGURE 3.-The 3MYear period in various solar and terrestrial data. Maxima are indi- 
cated by own circles and joined by broken lines. 

in figure 3, curve 1. From this curve are derived by simple 
inspection t,he epochs of masimum and minimum length 

of the 37-year period, given in table 4. These epochs 
show a 300-year variation in the length, which ranges 
between 2 i  and 50 years. 

The 300qear variation in the amplitude of the $?'-year 
period.-The range of the 37-year period is the difference 
in years between adjacent peaks and hollows of curve 1, 
figure 1. These ranges, smoothed by five term averages, 
show a 300-year period with the epochs given in table 4. 
Owing to the crudeness of the original data, the agree- 
ment between the two series of epochs is not very close, 
but the averages of the nine epochs in each series agree 
within 8 years, showing that the length and amplitude 
of the 37-year period vary directly with each other. 

This is an extremely significant and important result 
and the relation may be expressed in very general terms 
as follows: I f  a series of data shows a systematically vary- 
ing period, the amplitude varies directly with the length of 
the period. This seems to be a law of universal applica- 
tion for a11 periods which vary in length, both solar and 
meteorologicnl. 

The 500-year variation in the length of the 83-year 
period.-The intervals between the 83-year epochs of 
maxima and nlininia are shown plotted in figure 3, curve 
2. These range between 55 and 110 years. The epochs 
of the 300-year period derived from this curve are given 
in table 4. These epochs have long intervals, averaging 
330 years, around 1250 and short intervals, 290 years, in 
the early and latter part of the series, indicating a long 
secular variation in the length of the 300-year period. 

It will be seen that cwres 1 and 2 haite nearly reversed 
phasen. The persistence of fhia feature .for 1,500 years i s  
highly significant and i y  strong eiidence-for the reality of the 
two periods. 

PERIODICITY TABULATIONS 

Tabulation qf  the 11-year epochs.--If the positions of the 
11-year epochs of maxima or minima are plotted in a 
table with rows 11 years apart and the epochs joined, 
forming a zigzag line as in fig.ure 4, the variations in the 
period length are graphically indicated. Every fifth row 
gives the date of the zero column. The zigzag line is 
essentially :x plot of the accumulated sums of the depar- 
tures of the 11-year intervals from 11 years. It is also a 
plot of the residuals, table 1, the zero line being the 
straight line of best fit, shown as a heavy full line. 

The most conspicuous variation is the 300-year period 
shown by the dotted curve. The integration or succes- 
sive summation of departures esaggerates the amplitudes 
of the long periods. The long interyal around 375 years 
midu ay in the curve and the shqrt intervals around 225 
years in the early and latter portlons are clearly evident. 
Upon the long variation are superposed the shorter 83- 
gear and 37-year variations. The latter are indicated 
approsinlately by circles a t  the right, and the former by 
circles a t  the left. The opposite phases are midway 
between the phases thus indicated. Theoretically the 
phnses of a mass curve are advanced one fourth the wave 
length and in this case the epochs of the residuals, table 4, 
are shifted about 75 yews from the epochs of the length 
of the period. 

Tabulation of the 11 -gea.r interra,bs.-These tabulations 
contain more fhan one maximum or minimum phase of a 
period to the row. To show the 37-year period, the 
intervals are tabulated as in figure 5 in rows of 27 inter- 
vals each, or approznmately 300 years to the row, and the 
masima averaging 37 years apart are underscored. Each 
maximum is joined to the eighth maximum, preceding and 
following. The date of the beginning of the interval in 
the zero column is a t  the left. Since the mean length 
of the rows is 300 years, or nearly four times the 83-year 
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6 /2 /4 /6 period, these two periods are practically eliminated and 
t,he general trend of the connecting lines IS nearly vertical, 
indicating a mean length of about 37.5 years. 

When the first row IS shifted one space to the right, the 
sum of the first five rows shows the period very clearly. 
hlaxima and minima are indicated by full and dashed 
underscoring. Similar phases of the 37-year period are 
spaced about three colunins apart near column 4 and 
about four columns apart near column 30. This obvi- 
ously is the 300-year variation in the length of the period. 

To show the 83-gear period, the summations of the 11- 
year intervals plotted in figure 3, averaging 66.4 years, 

FIGURE 5.--ll-year intervals in a tabulation with 37 columns and rows avernging 300 
gears. Dates of intervals in zero column at. left. hfaxima averaging 37 years apart 
are underscored and joined to the eighth maximum preceding 2nd fol!owing. Sums of 
first 5 rows (first row shified 1 space to right) show the 3 7 - g ~ ~ ~  period. T h e  300-year 
period is shorrn by the varying distances between curres. 

:ire tabulated in figure 6 with 30 columns, or 333 years, 
four tinies the period lengt'h, t,o the row. The general 
trend of tdie lines joining every fourth mnsiniurn or mini- 
niuni, indica bed . by full and dashed underscoring, is 
n e d y  vert,ical, indicating a. niem period lengt,h of 83 
years. Their curvatures, however, indicat'e a long secu- 
lar varia.t.ion of around 1,400 yems in the lengt,h of t,he 
period. The 300-year period is sliown by the short int.er- 
vals between like phases, averaging six columns or 6G 
yea.rs, centered n.round column 15, and the long int,ervn.ls, 
averaging nine coluiiins or 100 yems, around column 0. 

FIGURE 6.-1l-year intervals summed by  (n+Zb+?c+d) in a tabulation with 30 columns 
and rows averdqine 33'' vears. Maxima and minima of 83-year period are indicated 
hv underscorinc. Thec'urves joining every fourth elloch illustrate the 3OO-gear ani1 
liW-year variations in the l e n a h  of the S3-year period. 

This graphical device is a variation of that presented 
by the writer in a former paper (4) to illustrate the vrlria- 
tions in the length of the 28-month solar period. 

T H E  PERIODJCITIES O F  T H E  AURORA 

The f f yea r  period.-The parallelism between the vsria- 
tions in the frequency of sun spots and auroras is very 
close. According to Fritz the average lag of auroral 
maxima after sun spot maxima is about a year. 

The SY-yectr. period.-The list given by Fritz has re- 
ceived some additions derived from the Lovering and 
Short catalogs. The total number of auroras in the 20- 
year interval centered on every fifth year is plotted in 
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figure 1. Most of the niasiiiia are obvious, but in S G I ~ C ‘  
cases the unsnioothed or original data must be c~ivicierccl 
in the determination of a maximum epcch and in o t l m  
cases data are lacking so that interpolation is nece 
The greater amplitude of the 83-year period is tlie cn w e  
of some uncertainty. The epochs of nxixi~m end niiiiiiiia 
are given in table 2 with interpolated or cloubtfu! epochs 
indicated by nsterisks. 

The S3-year ye?*iod.-The amplitucle of this period is 
greater than that of the 37-year period, and it can there- 
fore be traced back to 400 A.D. with considerable accu- 
racy. To eliminate the 3T-yenr period from the 20-year 
summations, a summation of the number for a given date 
and that of the second preceding and following is made. 
These suniniittions for every tenth year are plotted in 
figure 2. The marked increase in the nunihers from 1525 
is due in part to tlie secular variation with. a maxiniuni 
about 1551) nnd in part to the increase in available records 
following t,he era of the introduct>inn of printing. In  
selecting the 83-year epochs in table 3, this secular varia- 
tion was taken into consideration. 

The total number of days per decade with aurora from 
1500 to 1740, and tlie Fritz amoral numbers, 1700 tn 
1870, averaged by decades, are shown plotted in figure 3. 
From these ciirws the epnchs were dwiued after 1600. 

Bar 0 50 100 /50 200 250 3079 350 
660 ,+ + 

-0 ,+ 
/ 

330 +’ t’ 4, 

FIGURE i .-Plus-~nd-minus signs are %-year epochs of maximum and minimum n u r o d  
frequency. The curvature of the lines joinlup erery fourth e:iorh indicn!es a seullnr 
variation of around 1400 Y ~ N S  i c  tho 1mxt.h of the penod. 

The occurrence of aurora has been recorded as far hacli 
as 503 B.C., and approximate epochs of nuninium fre- 
quency have been derived from the lists given in the 
various catalogs. These are given in table 3 with two 
interpolated epochs indicated by asterisks. 

The SOO-year period.-The number of years in e:ich 
half-century from 350 A.D. to 1750, in which aurnra w - a ~  
recorded, is plot led in figure 3. Tlie epochs of n7auimiiiii 
and  mininium frequency are given in table 4. 

Tabulation of the 83-year uwroral epochs.-Figure 7 
shows tlie 83-year epochs in a table with rows 330 years 
long. Full lines join epochs of maxima separated by 
four S3-year intervals. Epochs of miiiinia since 400 A D .  
are plotted and joined by dashed lines. The 300-year 
variation is eliminated from the trend of t8he lines and 
their curvature indicates the long seculnr variat8ion arountl 
1,400 years which has already been noted. 

Tlie trend of the lines is 011 tlie whole slightly to tlie 
left, indicating a perind length of approximately S2 years. 

The two g r a p h ,  $gttres 6 and 7,  are tleriried srholly 
independently of each other but the curintures of tlw lines 
are cirfually identical. 

SEVERE WINTERb IN EUROPE 

Records of unusual meteorological events are abundant, 
The occurrence of severe winters in European literature. 

has been very consistently recorded, and Bruckner, by 
means of this material, was enabled to extend his 35-year 
cycle, deduced from modern instrumental records, back 
to the year 1000. The reader is referred to my 1905 
p ~ p r  (1) for a discussion of his results together with addi- 
tional results derived from my own researches. Bruckner 
used Pilgram’s catalog and began with the year 800 but 
he regarded the records previous to  1000 as of little value. 

To extend the series backward, I have used Hennig’s 
catalog which is very complete. Easton’s list was also 
consulted. Employing the method used by Briickner, 
tlie total number of severe winters in the 20-year interval 
centered on every fifth year were coullted and the num- 
bers froin 340 to  1030 together with his numbers from 
1030 to 1775 are shown graphically in figure 1. 

The S7-gear period.-h.laxima and minima are quite 
definitely apparent except in a few instances where data 
are lacking. The niasimum and niininiuni epochs are 
giveu in table 2 with interpolated epochs indicated by 
asterisks. 

The 8S-year period.-In order to eliminate the 37-year 
period a smoothing process siniilar to that used on the 
auroral numbers was employed, and the smoothed values 
for every tenth gear plotted in figure 2. The derived 
epochs of niasinia and mininia are given in table 3. 
Epochs previous to 300 A.D. are only approximate. 

The SOU-year period.-In Brooks’ “Evolution of 
Climate ” tlie number of severe winters in Europe per 
half-century are given frc.m 800 A.D. and I have extended 
the data back to 300 A.D. from Hennig’s catalog. These 
nunihers nre shown in figure 3. 

FLOOD AND LOW STAGES O F  T H E  NILE 

A remarkable series of yearly records of high and low 
levels of the Nile at  the Rodn gage, Cairo, from 622 A.D. 
to 1170 has been published by Prince Omar Toussoun. 
Tlie original records are in cubits and dated in Moham- 
medan years. One list from 640 to 1451 was published 
in 19’33. Another list from 622 to 1470 in metric equiva- 
lents and corrected to the modern calender was pub- 
lislied in 19’75. These two lists differ slightly and after 
careful exnniination of the graphs of both lists it was 
decided to use the first one, making a few corrections to 
readings, evidently misprints, by comparison with the 
later IiSt nntl supplying n number of missing years. Five- 
y w r  ;iie,ins hare been computed for both flood and low 
stages. 

The 11-year period.-The influence of the 11-year solar 
period on tlie flood stages is shown by an excessive pre- 
tlnininance in the 5-year means of the two-interval over 
the normal frequency for random numbers, 50 percent 
vs. 40 percent. As for the minima there is a relative 
excess of the four- and five-intervals, indicating a 20- to 
25-pear period. 

The 37-year period.-When the pentad means of the 
flood stages are smoothed by the formula, (a + b ) t 2 ,  
the 11-year period is eliminated and the longer periods 
can be recognized. The smoothed means are shown in 
figure 1. Epochs of the 37-year masinia and niininia 
corrected to the Gre orian calender are given in table 2 .  

The 83-year perioj.-Tlie contrast between the flood 
and low stages, both in their origin and in the short 
periods shown by the pentad means, is further shown 
by the longer periods. The 37-year period is best shown 
hy the flood levels wlde the longer periods are best 
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shown by the low stages. Figure 2 shows 10-year means 
of the low stages smoothed by (a+b)+2. 

The 37-year period somewhat obscures the longer 
period in the curve of flood stages, but the epochs of 
the longer period are nearly coincident in the two curves. 
Averages of the two series of epochs are given in table 3. 

Brooks (8) made a periodogram analysis of the Nile 
flood data using the same list as t’hat published in 1923, 
and found that a period of about 77 years is t’he only 
period that could be regarded as real, judging from the 
mathema tical criterion. 

The 300-year period-Fifty-year means of the low 
stages of the Nile are shown plotted in figure 3. The 
300-year variation is clearly evident. This long period 
can be seen also in the curve of flood stages and the 
madxima and minima of the two curves are virtually iden- 
tical. The secular increase in the levels of both high 
and low stages is due to the raising of the Nile bed by 
the deposition of the silt which it brings down. 

WHEAT PRICES I N  ENGLAND 

In a paper published after his “Klimaschwankungen”, 
Bruckner concluded from an examination of wheat prices 
in western Europe for 200 years that high prices occur 
during or shortly after periods of maximum rainfall. 
Beveridge (11) computed yearly index numbers of wheat 
prices in England from 1500 to 1870 by expressing them 
as a percentage of 35-year moving averages. His 
periodogram of wheat prices shows a period of con- 
siderable amplitude a t  35.5 years. 

I have taken Rogers’ wheat prices in England from 
1265 to 1700 and formed indes numbers by expressing 
the 5-year means as a percentage of moving averages of 
7 pentad means. From 1700 to 1870 5-year means of 
Beveridge’s index numbers are employed. After 1870, the 
Sauerbeck indes numbers are used. These pentad indes 
numbers, smoothed by the formula (2a+ 3b + 2c) + 7, 
are shown graphically in figure 1. Table 2 gives the 
epochs of maxima and minima. These epochs are virtu- 
ally identical with the epochs of wheat prices in my 1905 
paper. 

TREE GROWTH I N  ARIZONA AND CALIFORNIA 

Douglass was an early investigator of tree-growth in 
its relation to climate. Some of his early measurements 
were published in MONTHLY WEATHER REVIEW, June 
1909. Huntington published in 1912 results of his meas- 
urements of the tree rings of the California Sequoias. 

The 37-year period.-In his “Climatic Cycles and Tree- 
Growth,” volume 1, Douglass gives a table of mean yearly 
growth of 5 yellow-pine trees measured near Flagstaff, 
Ariz., dated from 1503 to 1910 and of 2 trees from 
1385 to 1503. This record appears to be quite honiogene- 
ous. Residuals of 5-year means of these measures from n 
smooth curve, formed by successive means of 8 values 
further smoothed by means of 2 terms, were smoothed 
by the formula (a+2b+3c+2d+e)+9 and the final 
values plotted in figure 1. The 37-year epochs derived 
from inspection of this curve are given in table 2. Other 
records from trees in New Mexico, Colorado, and Utah 
show this variation with epochs nearly synchronous with 
those of the Flagstaff region. 

The 83-year period.-We are indebted to Huntington 
for an extensive series of nieasurements of the growth 
rate of the California Sequoias. His material has been 
worked over by Antevs (12) who divided it into two 
groups--“A”, trees growing in dry situations; and “B l’ ,  

trees growing in moist situations. His tables give the 
total growth for each decade from 1000 B.C. 

The t,rees in moist sit,uations seem to respond to 
c.hanges in met’eorologkal conditions affecting their Growth 
sooner than those. in dry situations, and the.ir vanations 
are somewhat more regular. For these reasons the “ B ”  
series of means are selec,ted to show the 83-year period. 
The secular trend in these values has been eliminated by 
taking residuals from successive means of nine terms. 
These re,siduals smoothed by (u + 2b + c) .+ 4 are plott8ed 
in figure 2. The 83-year epochs selected from the original 
and smoothed curves are given in table 3. The epoc.hs 
derived from the growth rate of trees in dry situat,ions 
lag about 10 years afte,r t,hese epochs. 

For the years previous t,o the Chrishian era, the data 
from t,rees in bot,h dry and moist situations (Antevs’ “ C ”  
group) were used, since t8he tot,al number is small. The 
83-year epochs are given in table 3. 

The 300-yem period.-To show this period, 50-year 
means of Huntington’s Sequoia nieasurements are plotted 
in figure 3. The niasinium a t  800 is weak but is well 
marked in A n t e d  curve “B”.  

CHINESE EARTHQVAKES 

A number of catalogs of eart,hquaBes are availa.ble for 
the study of their periodicities. The most estensive one 
is by Mallet in the British Association Report of 1855. 
Extensive catalogs of Chinese ea,rthquakes have appeared 
but there are, especially in the later ones, too many 
entries for a single large shock, due to t.he aftershocks and 
to the large number of provinces reporting it, so tha.t the 
list is unsuitable for a,nttlysis. Turner (9) made a periodo- 
gram analysis of the list of earthquakes in China compiled 
by Hirota, in Brit,ish Association Report, 1908, since he 
regarded it. as sufficiently homogeneous for this purpose. 
He pointed out that pe.riods of around 79 and 284 years 
appeared probable. Hirota’s list ends in 1645. Parker’s 
list in British Association Report, 1909, extends from 
1640 to 1875, but it list,s only the greater shocks. It is, 
however, internally homogeneous and shows the 37-year 
period fairly well. 

The 37-year period.-I have counted t,he numbex of 
shocks in these two lists for each 20-year period, as in 
the case of severe winters, and t,he number for each fifth 
year is plott,ed in figure 1. Bet,ween A.D. 195 and 225 
there are no re.cords owing to the Great Rebellion. Epoc,hs 
of maxima are given in table 2. 

The 83-year period.--Smoothing the earthquake num- 
bers in the same manner as those of severe winters, the 
37-year period is eliminated. These numbers by decades 
plotted in figure 2, show the 83-year period with epochs 
as given in table 3. Two epochs of ma?rinla are inter- 
polated. One at  220 occurred during the civil wa.r and t,he 
other a t  1250 is not obvious from the data which seem to 
be unusually scanty a t  this time. However, there is a 
pronounced maximum of Japanese earthquakes near this 
date. The maximum a t  1630 is unreliable owing to the 
ending of the record around 1640 a.nd evidence from other 
lists points to 1650 as a more probable date. The 83- 
year epochs after 1650 cannot be reliably determined. 

The 300-year period.-The number of Chinese ea.rth- 
quakes per half-century from Hirota’s list, and also the 
numbers derived from Mallet’s list, are plottedin figure 
3. Previous to 400 A.D., Mallet’s data are too scanty to 
show the secular variation. The number of years per 
half-century with earthquakes in China, compiled from 
the list by Gauthier in Bull. de I’Observ. de Zikawei, 1907, 
is also plotted. This curve shows clearly the 300-year 
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variation and the other two curves are in fair agreement. 
The numbers in the first half of the third century were 
doubled owing to the hiatus in the records. 

THE 300-YEAR PERIOD 

The 300-year period has already been shown to exist in 
the variations of solar and certain terrestrial data. Other 
data from literary records have been brought together by 
Brooks and the variations in these data seem to fit in well 
with those of auroras, etc. In his “Climate throu h the 
Ages”, table 32, under Europe (general) and Beygium, 
the percentage of a to a + b is an indes of the raininess of 
these regions. Similar indexes for the severity of winters 
in Belgium were computed by me from Vanderlinden’s 
catalog. From Speerschneider’s compilation the per- 
centage of years with heavy ice in Danish waters and the 
number of winters with ice on the Danish coast were 
obtained. From Co Ching Chu (IO) are derived indexes 
of the raininess and the number of severe winters in 
China since the first century A.D. These data are shown 
graphically in figure 3. To facilitate intercomparison of 
the variations in these curves, the 300-year maxima are 
indicated by circles and these are joined by broken 
lines. 

While the data graphically shown in figure 3 are obvi- 
ously of only limited accuracy there is sufficient agreement 
among the curves to show that the epochs of cold, wet 
periods are around 600, 650, 850, 1165, 1350, 1626, 1860. 
The warm, dry epochs are approximately 350, 700, 975, 
1650, 1500, 1765. Brooks in his figure 38 gives a com- 
posite curve which he thinks represents the variations 
of rainfall over the Eur-Asian continent during historical 
times. The maxima of his curve are approximately 425 
B.C., 125 B.C., 175, 525, 850, 1125, 1350, 1600, 1825. 
These dates agree well with the 300-year epochs derived 
from the curves. 

The epochs of maximum acceleration of the 11-year 
epochs, derived from curve 4 and given in table 4, pre- 
cede, 50 to 225 years, the epochs of maxima of rainfall. 
The lag is variable, being greatest around 800 and least 
around 1600. 

THE 1400-YEAR PERIOD 

A long period of approximately 1,400 years was noted 
above in the variations in the length of the 11-, 37-, 83-, 
and 300-year solar periods. The 
aurora also gives clear 
the frequency of auroras 
severe winters in the shorter 37- and 83-vear periods, 
there should be evidences of the long period in meteoro- 
logical fluctuations. Brooks (loc. cit.) has brought 
together all available evidence relating to climatic 
fluctuations during the last 5,000 years. His results 
should furnish impartial evidence as to the existenc? of 
the long period, and a summary follows of the mamma 
and minima in his climatic curves which seem to recur a t  
intervals averaging 1,400 years. His curves showing 
variations of ramfall in Europe and Asia indicate well- 
defined minima around 3200 B.C., 1000 B.C., and 600 
A.D. Maxima are shown near 3000 B.C., 1300 B.C., 
between 800 B.C. and 350 B.C., and near 1300 A.D. The 
ma.simum in the first millenium B.C. is the so-called 
“Classical” rainfall maximum, and the masimum near 
1300 is the “Medieval” rainfall maximum. According 
to Peake, as quoted by Brooks, a period of drought occur- 
ring some centuries before 3000 B.C. caused migrations 
from the interior toward the Baltic, while the great dis- 
persal occurred about 2200 B.C. Brooks places the post- 
glacial “Climatic Optimum” a t  this time. Huntin ton’s 
curve of tree-growth has chief maxima a t  400 B . 8  and 
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1300 A.D. and a minimum a t  i o 0  B.D. Brooks’ curve 
of temperature in Europe shows a maximum about 700 
A.D. and minima 0 to 350 B.C. and around 1500 A.D. 
The deterioration of climate in Greenland from about 900 
AD. to 1400 is consistent with these fluctuations in Eur- 
Asia and North America. 

It is clear, therefore, that inarked climatic extremes have 
occurred i n  the Northern Hemisphere with interoals averaging 
1,400 years. 

CORRELATION BETWEEN SOLAR AND TERRESTRIAL 
VARIATIONS 

In  figures 1 and 2, below the curves, the 37-year and 
83-year epochs of minimum length of the 11-year solar 
period are plotted on their respective dates. Next below 
are the corresponding epochs of maximum frequency of 
the aurora. Then lollow the epoch of inasinla for severe 
winters, Nile levels, wheat prices, tree growth, and 
Chinese earthquakes. Connecting lines are drawn to 
show the relations and the varying lags. In general the 
lags are greater before 1000 AD.  than afterwards. 

The 37-year. per.iod.-The lag of the auroral after the 
solar epochs averages 24 years-33 years before 1000 and 
15 years after. The lag of the epochs of severe winters 
averages 56 years-70 before 1000 and 44 after. With 
reference to the epochs of severe winters, the lag of the 
Nile flood epochs is 1.5 years; that of wheat prices 5 
years; that of Arizona pines 23 years. The relation of 
earthquakes to other terrestrial events is uncertain, but 
assuming that indicated by the lines, the maxima aver- 
age 13 years earlier than those of severe winters. 

The 83-year period.-The lag of the auroral after the 
solar epochs is 55 years; that of severe winters avernges 
91 years-107 before 1000, and 79 thereafter. The 1Rg 
of the Nile stage after severe winters is 8 years, Sequoia 
growth 63 years. Chinese earth uakes precede severe 
winters by about 13 ears. I t  ~ $ 1  be seen that the lags 

case of severe winters the lag after 1000 is about two 
thirds that previously. A similar lag was noted above 
for the 300-year epochs of rainfall. This long-period 
variation in the lag is probably due to the 1,400-year 
period. 

The 500-year variation in the lag.-There is a well- 
defined 300-year periodicity in the lag of the epochs of 
severe winters after the solar epochs in both 37-year and 
83-year periods (cf. fig. 3). For the 37-year period, 
the maximum lag occurs around 360, 715, 975, 1335, 
1700; minimum lag 580, 900, 1200, 1540, 1810. These 
epochs of masimuin and minimum lag average 100 years 
after the epochs of short and long 37-year intervals in 
table 4. For the 83-year period, the maximum lag 
occurs around 400, 675, 860, 1235, 1610; minimum lag 
525, 780, 1050, 1380, 1775; or about 90 years after the 
epochs of short and long 83-year intervals in table 4. 

These consistent variations i n  the lags of the meteorological 
events and their persistency for 1,500 years ajord additional 
proof of the reality of both the solar and meteorological 
periods. 

vary directly with the 9 ength of the period and that in the 
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TABLE 1.-Epochs of sun-spot niazima (Fr i t z  and Woljer) 

1. Epochs of sun-spot maxima. 
2. 11-year intervals. 
3. Residuals from normal epochs. 
* Interpolated epochs. 
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323.5 
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361.5 
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38% 5 
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434.5 
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,531. 5- 
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643.5. 
654.5 
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+4.3 
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+2. 1 
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+O. 4 
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Interpolated epochs. 
TA ,BLE 3.--89-uear epochs 
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TABLE 4.-300-year epochs - - - - - - - - - - - . 
345 395 
445 480 
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a m 8 3 0  
860 900 

1050 logo 
1135 1160 
1195 1235 
1285 1335 
1380 1430 
1465 1495 
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11-year intervals 32year intervals 
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Interpolated epochs. 


